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An Identification Algorithm That Is Insensitive to
Initial Parameter Estimates

DALLAS G. DENERY*
NASA Antes Research Center, Moffett Field, Calif.

This paper is concerned with the estimation of parameters in a constant coefficient, linear
system using measurements of the system input and output. Two general methods can be
used to estimate these parameters: the equation error method and the output error method.
The equation error method is characterized by a single step solution that does not require a
prior estimate. Unbiased noise in the output, however, causes a bias in the estimated param-
eters. The output error method is characterized by iterative solution techniques that require
a prior estimate of the unknown parameters. This method provides an unbiased estimate.
In this paper, a single estimation procedure is presented that uses the best features of both
methods. It does not require a prior estimate of the unknown parameters and unbiased
noise in the output will not cause a bias in the final estimate. The method is applied to simu-
lated and flight data.

Introduction

THIS paper is concerned with the estimation of a set of
parameters that can be used to obtain a transfer function

relationship between the input of a system and its output.
Many parameter estimation methods for doing this can be
classified into two categories, equation error methods1"3 and
output error methods.3"5 An advantage of equation error
methods is that the problem can often be made linear in terms
of the unknown parameters, permitting a one-step algorithm.
However, if there is unbiased noise in the measurements of the
system output, the estimate will be biased.6 Output error
methods eliminate this bias,4'7 but require iterative algo-
rithms; a fairly accurate estimate of the unknown parameters
is required to start such algorithms.

An equation error method can often be used to obtain an
initial estimate of the unknown parameters and this estimate
can then be used in an output error method. This has already
been done successfully,8 but two separate estimation pro-
cedures were used. Taylor,9 on the other hand, incorporated
a slight modification to an output error method and elimi-
nated the necessity of using a separate procedure to obtain
the initial estimates.

Taylor showed satisfactory results for one application where
measurements of all output states were available. This paper
extends his procedure to the multivariable case where there
may be fewer measurements than state variables in the system
model. This technique uses an equation error procedure,
which is similar to a linear observer,10 to obtain an initial esti-
mate of the unknown parameters and then switches to a quasi-
linearization5 output error procedure. The mathematical
structure of this equation error method is nearly identical to
quasi-linearization. Because of this similarity, both pro-
cedures can be used in the same computational structure.
This process will be referred to as the combined algorithm.

A feature of the present paper is the development of a
canonical form for multioutput systems. When the un-
known system is modeled in this canonical form, an identifi-
able set of the parameters is immediately defined and can be
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estimated by the combined algorithm. Although other
canonical forms for multivariable systems are available,11"13

the parameters in these forms are not located so that they can
be estimated directly by the combined algorithm.

The combined algorithm is applied to the identification of
the linearized longitudinal equations of motion for an aircraft
using both simulated and flight data. Both single and multi-
output examples are included.

Background

It is assumed that the structure of the differential equations
of minimum order that can be used to relate the system input
vector to the system output vector is known, and can be de-
scribed by a set of first-order differential equations of the
form

x = Ax + Bu + e, x(0) = x0) y = Cx + w (1)
where x is an n X 1 state vector, u is a p X 1 input vector, y
is an m X 1 output vector, e is zero mean process noise, and
w is zero mean measurement noise. It is also assumed that
the system input u is measured perfectly.

This set of first-order differential equations is not uniquely
defined by the system's input and output. The input and
output can also be described by any equations of the form

z = Fz + Gu + v, 2(0) = 20, y = Hz + w (2)
where z = Tx, T is a nonsingular n X n matrix, and

F = TAT~\ G = TB, H = CT~\ v = Te (3)

In this paper we are only concerned with identifying some F,
G, and H which can be used to represent the unknown system.
Note F, G, and H contain n(n + p + m) parameters.

Although all of the parameters in Eq. (2) cannot be uniquely
determined by the input and output, if some of the parameters
are specified, then the remaining parameters might be
uniquely determined as a function of the specified parameters.
There are several canonical forms for-F, (7, and H that contain
a maximum of n(m + p) free parameters; the other n2

parameters being specified.11"13 However, the parameters in
these canonical forms are not located so that they can be
identified directly by using the combined algorithm. In this
paper a canonical form for F, G, and H is constructed that
contains a maximum of nm free parameters in the F and H
matrices and np parameters in the G matrix. These parame-
ters can be estimated using the combined algorithm.
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Fig. 1 Output error structure.

Example I

To illustrate the aforementioned idea, consider the single
input, single output, second-order system given by

_ /n

J/ =
1 (4b)

The Laplace transform of Eq. (4) is given by

y(s)/u(s) = (*s + d0)/(s2 + cis + c0) (5)
where

di = gnhn + 021/112
do = Qll[ — All/22 + Al2/2l] + #21 [ — Al2/ll .+ An/12 ]

Cl = [—fll — fa], CQ = [/22/11 — /12/2l]

Since the response of Eq. (4) is completely specified by the
four coefficients di, dQ, Ci, and c0, the eight parameters in F, G,
and H cannot be uniquely defined. However, four of the
unknown parameters in F, G, and H can be determined in
terms of the other four parameters. By choosing these other
parameters we are, in essence, constraining the structure of
F, G, and H so that the four remaining parameters are
uniquely defined by the input and output relationships. One
way of constraining the structure of F, G, and H is to set An
= 1, Ai2 = 0, /i2 = 1, and /22 = 0. The four remaining
parameters in F, G, and H are then uniquely defined by the
relationships di = gn, dQ = g2i, c\ = — fn, c0 = —/2i. This
particular choice of F, G, and H is a well-known canonical
form for single output systems, the parameters of which can
be estimated using the combined algorithm. This type of
canonical form will be presented for the multioutput system
in this paper.

Estimation Technique

A common procedure for estimating the unknown parame-
ters in Eq. (2) is to build a model of the system,

z = Fz + Gu, 1(0) = 20, y = Hz (6)
and adjust the unknown parameters of the model to minimize
the function

J = \ (y - y) T
(7)

where W is a weighting matrix used to express the relative
confidence in the measurements. This is illustrated in Fig. 1.
The difficulty with this method is that the response of the
model y is a nonlinear function of the unknown parameters in
F and H and therefore J must be minimized by an iterative
procedure.5'14 One method for solving this problem is in-
cluded in the combined algorithm and is presented later in
this section. However, if no noise is present in the system,
this problem can be converted to a linear problem. This
linear formulation constitutes the equation error portion of
the combined algorithm. The effect of applying the linear
formulation of the problem to the identification of a system
with noise will be briefly discussed.

Equation Error Procedure

The linear formulation is based on the idea that, for a per-
fect model and in the absence of noise, the output of Eq. (6)
will equal the measured output exactly and therefore the dif-
ference y — y equals zero. Under these conditions, this dif-
ference can be fed back to the model through arbitrary gains
K and L without changing the model response y. The equa-
tions for the model with this error feedback are

z = Fz + Gu + K[y - Hz], z(0) = ZQ (8a)
y = Hz + L[y - Hz] (8b)

which by combining terms can be rewritten
z = (F - KH)z + Gu + Ky, z(Q) = z0 (9a)
y = (7 - L)Hz + Ly (9b)

The first equation in Eqs. (8) and (9) is the state observer
equation as studied by Luenberger.10 It is shown in the next
section that the parameters of F — KH and (/ — L)H can be
chosen independently of the unknown system parameters by
using a maximum of nm parameters in K and L, provided the
structure of the system is known. These choices will be de-
noted by FN and HN, respectively. It is convenient to define
8G = G — GN and 8z0 — z0 — ZNO where GN and ZNO can be
interpreted as initial estimates of G and ZQ and can include
any known parameters. If these definitions are used in Eq.
(9), y can be written
z = FNz + GNu + 8Gu + Ky, 1(0) = ZNO + 8zQ, y = HNz + Ly

(10)
The advantage of using this formulation to model the un-
known system is that since FN, GN, HN, and ZNO can be chosen,
the unknown parameters are contained in K, L, 8G, and 8zo.
These parameters are coefficients of known forcing functions
and therefore affect the model response y linearly.

Because of the linearity, y can be expressed

y (H)
where yN is the response of the equations

ZN = FNzN + GNu, 2^(0) = zm, yN = HNzN (12)

7 is a vector containing the parameters in K, 8G, L, and 8zQt
and f(t) is the gradient of y with respect to these parameters
{i.e., f(t) = [$71,2/72, . . . ]}. When the expression for y given
in Eq. (11) is substituted into Eq. (7), J becomes quadratic in
the unknown parameters. The estimates can be obtained by
differentiating J with respect to the unknown parameters,
setting the resulting equations equal to zero, and solving for
the estimate of 7,7. This procedure results in the well-
known solution,5'7'14

7 = (13)

The columns of f(t) are the numerical solutions of the dif-
ferential equations

(14a)

(14b)
where the partial derivatives of K, 8G, L, and 8z0 with respect
to 7i are all equal to zero except for a 1 in the location of the
specific parameter 7*. Equations (14) will be referred to as
the sensitivity equations. Certain simplifications in the com-
putation of these sensitivities can be accomplished by using
a procedure similar to that discussed in Ref. 15.

The estimates for F, G, H, and z0 are determined from the
estimates of K, 8G, L, and 8zQ by the relationships

H = (7 - L^HN, G = GN + 8G (15a)

F= FN + KH, ZQ = zm + 8z^ (15b)
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In this way the identification problem has been reduced to a
single operation involving the numerical solutions of Eq. (12-
15).

Example II

In Example I, it was shown that a single output second-
order system could be realized by the equations

CO-K
Consider the identification of the parameters in F, G, and ZQ.

If the equations are in this form, then

0]

can be chosen in Eq. (10) independently of fn and /2i and still
be related to F and H by the relationships FN = F — KH and
HN = (I - L)H by setting

Since the parameters in G and z0 are not known, GN and zm
can be chosen arbitrarily. An identification of F, G, and H
can be obtained by using Eqs. (12-15) where the unknown
parameters in 7 are the elements in the vectors K, 5G, and
dzo. Note that the identification of the parameters in F de-
pends on the fact that these parameters are coefficients of a
measured state, z\ = y. It is always possible to describe a
single output system this way. However, this is not generally
true for a multioutput system and the matrix L must be in-
cluded in the analysis. This will become evident in the sec-
tion on canonical forms.

It has been assumed that the system is noise free. If there
is noise in the system, the output of Eq. (10) will not equal the
output of Eq. (6) and therefore cannot correctly be used to
replace Eq. (6). Nevertheless, if Eq. (10) is used in the ex-
pression for /, the procedure can be carried out and an esti-
mate for the parameters obtained. However, these estimates
will be biased. This means that the expected value of the
error in the parameter estimates will not be zero. It can be
shown that the size of the bias is equal to a constant plus a
term proportional to the size of the estimates K and L. A
proof for the existence of this type of bias can be found in Ref .
6. If the initial estimates of K and L are extremely large, the
bias error can usually be reduced by choosing a new FN and
HN equal to the estimates for F and H and repeating the
process. Because of the constant in the bias term, the bias
usually cannot be completely eliminated by this process.
This is illustrated in the application section.

Output Error Procedure

The main reason for using an output error procedure is that
the presence of unbiased noise in the system does not cause a
bias in the parameter estimates. One well-known procedure
for minimizing Eq. (7) subject to the differential equations,
Eqs. (6), is the method of quasi-linear ization.6 This pro-
cedure yields an unbiased estimate of the parameters if initi-
ated from a sufficiently accurate prior estimate of these
parameters.4'7 Generally the biased estimates obtained from
the equation error procedure just described are accurate
enough (for reasonable amounts of noise) to provide a good
initial estimate to use in the method of quasi-linearization.

In this section, it is shown that if FN, GN, HN, and ZNO are
interpreted as initial estimates of the unknown system and
yN from Eq. (12) is substituted for y in Eq. (10), then the
equation error procedure developed in the first part of this
section becomes one step in an iterative procedure that is

nearly identical to the quasi-linearization procedure. This
similarity of structure is the basis of the combined algorithm.

The basic idea in quasi-linearization is that y, the response
of Eq. (6), can be approximated by a trajectory yN that is
based on the best initial estimates of the unknown parameters
plus a linearized correction about this estimate. If the initial
estimates of F, G, H} and ZQ are defined as FN, GN, HN, and
zm, respectively, then y can be approximated by yA where

2 A = FNzA + [F - FN]zN + [GN + 8G]u, ZAQ = ZNO + dz0

(16a)
yA = HNzA + [H - HN]zN (16b)

and ZN is the response of

ZN = FNzN + GNU, zN(Q) = ZNO, yN = HNzN (17)

If the same constraints are used on the structure of F, G, and
H as were applied in the equation error formulation, F — FN
and PI — HN can be replaced by KH and LH, respectively.
Since in the output error procedure F — FN and H — HN are
considered small, K and L can be considered small; hence,

KH = K[HN + LH] « KHN (18a)
LH + L[HN + LH] « LHN (18b)

Making these substitutions in Eqs. (16) we obtain

ZA = FNzA + GNu + 5Gu + KyN ZAQ = ,zm + dz0 (19a)

yA = HN&A + LyN (19b)
which are identical to Eq. (10) except that yN has replaced y.
If yA is used in Eq. (7) in place of y, the minimization problem
is reduced to the minimization of a quadratic form identical
to that given in the equation error procedure. The solution
is given by Eqs. (12-15), with the exception that yN is used in
place of y in Eq. (14). A new estimate of the unknown
parameters is obtained and an iterative procedure is established
for minimizing Eq. (7).

Combined Algorithm
The idea behind the combined algorithm is now evident.

The equation error procedure and output error procedure are
identical except for the computation of f(t). The only dif-
ference here is whether measured or estimated data are used in
the sensitivity equations, Eqs. (14). If the measured data
are used, the procedure provides an estimate of F, G, H, and
ZQ in a single operation essentially independent of the initial
choice of FN, GN, HN, and ZNQ. In the absence of noise, this
estimate is the same as the quasi-linearization estimate; but
if there is noise in the system, this estimate will be biased.
Choosing a new FN, GN, HN, and zm equal to the estimates of
F, G, H, and ZQ and repeating the equation error process
usually reduces the bias error. On achieving the best esti-
mate by the equation error procedure, the combined algo-
rithm switches yN for y in the sensitivity equations, Eqs. (14).
This implements the output error procedure which generally
converges to the unbiased estimate very rapidly.

The combined algorithm is indicated diagrammatically in
Fig. 2. The switch in the upper center of the diagram repre-
sents the only change required to switch from the equation
error formulation to the output error formulation. For the
initial set of iterations, the switch is to the right. After that,
it is to the left. The rest of the computational structure re-
mains unchanged. The components of f(t) are computed by
the numerical solution of the sensitivity equations, Eqs. (14),
which are labeled in the figure. The outputs of the sensitivity
equations are used to form the products f(t)TWf(t) and
f(t)TW(y — yN) which are integrated simultaneously in order
to reduce storage requirements. The estimate 7 is obtained
by the solution of Eq. (13) at the final time tf, and the un-
known parameters are computed using Eq. (15). The process
is then repeated as indicated where the superscript (1) indi-
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f(t)T
REPEAT

Fig. 2 Combined algorithm.

cates the new estimate and the superscript (0) represents the
previous estimate.

A Canonical Form for Multioutput Systems

It has been asserted that the parameters of F — KH and
(/ — L)H can be chosen independently of the numerical
values of the unknown parameters by using a maximum of
nm parameters in K and L. If the system is described by a
set of equations in which some of the states are measured
directly and the unknown parameters in F are coefficients of
measured states, the FN and HN can be chosen equal to F and
H except for the unknown parameters in F. L can be set
equal to zero and the parameters of K are equal to the dif-
ferences between the unknown parameters in F and the values
chosen for these parameters in FN. The case in which all the
states are measured is an example of this type.

Unfortunately, unless all the states are measured, the
system equations will usually have some unknown parameters
that are coefficients of states that are not measured. It was
shown in Example II that all single output systems can be
rewritten with the unknown parameters as coefficients of the
measured state. In this section a canonical form for multi-
output systems is developed which is analogous to one de-
veloped by Luenberger11 for multi-input systems. The single
output canonical form used in Example II is included as a
special case. In general, this canonical form will contain
some unknown parameters in H as well as in F. Neverthe-
less, FN and HN can be chosen equal to F and H except for the
unknown parameters and used with the combined algorithm.

In order to write the canonical form, it is only necessary to
determine the first n linearly independent rows in the ob-
servability matrix,

C
CA

(20)

for the system Eq. (1). In essence, this amounts to knowing
the structure of the unknown system, but not necessarily the
numeric values of the parameters in this structure. Define
Pi to be the number of rows in this linearly independent set
that involves a multiplication by the ith row of C. The pi
completely determine the structure of the canonical form.
The transformation TCy which can be used to transform the
system Eq. (1) to its canonical form, is constructed in the
Appendix.

If the pi for the system are known, the canonical form is
given by

where F and H are given in Fig. 3 and where G contains all
x's. The empty portions of F and H represent zeros and the
symbol I is the identity matrix.

If the system is modeled by Eq. (21), using Fig. 3 for F and
H} the free parameters denoted by the x's, would still not be
identifiable. By tedious inspection we have shown that some
additional parameters F and H can be set to zero by the rela-
tionships

if pi < PJ — k fhenfsj+k,si = 0 k = 0, . . .

if pi < PJ i 7* j then hjtSi = 0

- Pi - 1
(22)

(23)

where /,•„• and /&,-,/ are elements in F and H, respectively, and
the subscript st- is defined by

i-l

The remaining undefined parameters in F, G, and H are
uniquely defined by the system input and output relation-
ships. There is a maximum of nm of these parameters in F
and H and np of these parameters in G.

In many applications (all that we have considered), it is
possible to order the measurements y so that the first n rows
of 06, Eq. (20), are linearly independent. The canonical
form for this case is examined in detail because of its frequency
of occurrence. If r and q are defined as the remainder and
quotient of n/m respectively, then pi = q + 1 for i < r and
Pi = q for i > r and the canonical form for F and H is given
in Fig. 4. The columns and rows of F are divided into ra
groupings. The x's in the first rows of the first r row group-
ings and in the last m-r column groupings are equal to zero.
The x's in H are all equal to zero except for those occurring in
the last (ra-r) rows of the first r column groupings.

If the system is modeled in its canonical form, then a FN and
HN can be chosen in the same canonical form with arbitrary
values inserted for the x's and still be related to F and H by
the equalities FN = F - KH, HN = (7 - L)H. This com-
pletes the original assertion that was stated at the beginning
of this section. The minimum number of parameters in K
and L required to establish these equalities constitute an
identifiable set of parameters.

Example III

Let us consider a third-order system with two outputs de-
scribed by the equations

(24)

y

If xi, #2, and #3 are interpreted as perturbations in attitude
rate, filtered vertical acceleration, and angle of attack, Eq.

Gu, = z0) y = Hz (21)

Pl
COLUMNS

, ———— * ——— v/-
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'
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COLUMNS—— « —— ,

j I

C
Ptn
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— • — »

! i

I P ,
J ftOWS

1"[ROWS

IP.
/ROWS
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'ROWS

Fig. 3 General canonical
structure.
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(24) describes the short-period equations of motion for longi-
tudinal flight [see Eq. (29)].

Since all the unknown parameters in Eq. (24) are not co-
efficients of the measured state, the combined algorithm can-
not be used to identify the parameters directly. We will
therefore transform these equations to their canonical form.
The observability matrix for the system is given by

"1 0
0 1
an 0
0 O22

(25)

The first three rows of the observability matrix are linearly
independent, provided a^ is not equal to zero. If we interpret
Eqs. (24) as the short-period equations of motion for an air-
plane, the parameter an is equal to (M^a/Iymu^ + (Ma/Iy),
which although unknown is not equal to zero. Therefore the
values of p* for the system are pi — 2 and p* = 1. On the
basis of Fig. 4, the canonical form for these equations is given
by

(26)

The matrices FN = F - KH and HN = (/ - L)H can be
chosen

n 1 OTV] |V|
?21 0 /23 22 -f 021 \[U
r31 0 /3JUJ UJ

FN - and HN =
0 01

0 ij
where

K «
01 ro o]

&22 , and L = {I* OJ
fej

(27)

(28)

Estimates for F, G, and H can be obtained by including the
parameters &n> &2i, &3i, k&, £32, ki, dgu, Bg^ and dg^ in the vec-
tor 7 and using Eqs. (27) and (28) in the combined algorithm.

If the equations are actually transformed by means of the
transformation Tc given in the Appendix, it can be shown that
/23 is equal to zero. Therefore, the parameter &22 could be
eliminated from the estimation procedure by choosing/23^ = 0.

Application

Application of Combined Algorithm to Simulated Data

The short-period dynamics of the C-8 airplane in the land-
ing approach were simulated and the attitude rate response
due to an elevator deflection was computed. The initial con-

Fig. 4 Special case
canonical structure.
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NUMBER OF ITERATIONS

Fig. 5 Application of equation error method illustrating
convergence and bias.

ditions were set equal to zero. Three different noise se-
quences having a variance equal to 0.003 rad squared and a
0.2-sec correlation time constant were added to this attitude
rate data to give three different runs. These same three
noise sequences were also subtracted from the attitude rate
data to give three additional runs making a total of six.

For this example it is convenient to model the unknown
system in the canonical form discussed in Example II. z\ can
be interpreted as the attitude rate, z2 as a linear combination
of attitude rate and angle of attack, and u as the elevator
deflection.

In order to illustrate the characteristics of the equation
error and output error portions of the combined algorithm
independently, the six runs were first analyzed by means of
the equation error portion of the algorithm. The estimated
parameters of the canonical form were averaged over the six
runs to reduce the error in these estimates due to variance and
thereby illustrate the bias error. These averaged estimates
are plotted in Fig. 5 against the number of iterations. The
initial choice of the parameters, FN, HN, and GN, denoted by
the zero estimate, was purposely made considerably different
from the actual values to emphasize the insensitivity of the
convergence on this initial estimate. By the second itera-
tion, the procedure has essentially reached a steady-state
value for the unknown parameters and subsequent iterations
do not significant!}^ change these estimates. The important
point to note is that there is a very definite bias in these
answers.

To illustrate that the bias observed in Fig. 5 can be elimi-
nated by switching to the output error formulation, the final
averaged estimates obtained by the equation error formula-
tion in Fig. 5 were used to initiate the output error formula-
tion for the same six runs. The average values of these esti-
mates are plotted against the number of iterations in Fig. 6.
As is shown, the bias is quickly removed. The final averaged
parameter estimates are very close to the actual values.

Application of Combined Algorithm to Flight Data

Measurements of the attitude rate and elevator deflection
for the C-8 airplane in the landing approach configuration
were used to identify the coefficients of the transfer function
relating pitch rate to elevator deflection. The aircraft was
excited by a doublet type elevator deflection and the data
were measured over a 4-sec interval. Because of the type of

——— ACTUAL
O ESTIMATED

.
6 8 0 2

NUMBER OF ITERATIONS

Fig. 6 Application of output error method illustrating
elimination of bias.
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NUMBER OF ITERATIONS

Fig. 7 Application of combined algorithm to flight test
data short period dynamics.

input and the short duration of data, the phugoid (long-
period) mode was not noticeably excited. For this reason,
the system was again represented by the short-period dy-
namics and was modeled by the single-output canonical form
used in Example II. The estimated coefficients are plotted
against the number of iterations in Fig. 7. The initial or zero
estimate was purposely made considerably different from the
expected system parameters to again emphasize the insensi-
tivity of the method on this initial estimate. After four iter-
ations, the parameters settled to a steady-state value. The
equation error formulation was used during the first two
iterations. The combined algorithm then switched to the
output error formulation.

The accuracy of this identification is indicated in Fig. 8.
The time history of the elevator input is shown in radians on
the left side of the figure. This input was used together with
the identified system dynamics to compute an estimated atti-
tude rate. The computed attitude rate is shown by the solid
line on the right side of the figure and the measured attitude
rate by the symbols. Clearly, the estimated transfer func-
tion provides a very good relationship between the input and
output data.

In order to illustrate the combined algorithm applied to a
higher-order system, measurements of the attitude rate, for-
ward velocity, vertical acceleration, angle of attack, and ele-
vator deflection for the C-8 airplane in the landing approach
configuration were made and used to identify the parameters
in the complete linearized longitudinal equations of motion.
In this case, there were approximately 17 sec of data and both
the short- and long-period modes were excited. The vehicle
was modeled by the equations

2 0
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O O
HP——————
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-4 L i i i i
0 I 2 3 4 " 0 I 2 3 4

TIME, sec TIME, sec
Fig. 8 Comparison of measured and estimated data.

cients of measured states. The dependency between the
parameters in the fourth and fifth rows of Eq. (29) was main-
tained in the identification (i.e.,/u = — 20wo/5i, /« = —20^0/55,
and 04i = — 20w005i).

Since this is a multioutput situation, an appropriate weight-
ing matrix W must be chosen for use in Eq. (7). For this
example, the weightings on u, q, az, and a were chosen to be
l/(lf ps)2, l/(l%ec)2, 1/(1 ft/sec2)2, and l/(2°)2, respec-
tively.

The results of this identification are shown in the 10 columns
of Table 1. The parameter symbols are given in the first
column. The initial estimates used to start the algorithm
are given in the second column. The third and fourth
columns give the estimates after the first two iterations using
the equation error formulation. The remaining columns cor-
respond to successive iterations using the output error pro-
cedure. Significant changes in the unknown parameters do
not occur after the third or fourth iteration.

The identified parameters were used with the measured
input to compute time histories of the velocity, attitude rate,
vertical acceleration, and angle-of-attack perturbations.
The computed and measured quantities are compared in Fig.
9. As in the case of the first example, the estimated parame-
ters provide a very good relationship between the input and
output data.

Concluding Remarks
A method of parameter estimation has been presented that

combines the best properties of the equation error and output
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-20*m
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mutt

[«.] (29)

The states w, ^, ^, and a. are the perturbations in forward
velocity, attitude, attitude rate, and angle of attack from
level steady-state flight; az is a filtered measurement of the
vertical acceleration. The filter time constant was 0.05 sec,
and this is indicated by the factor of 20.0 occurring in the
equation for acceleration. The control variable de is the ele-
vator deflection. The trim velocity UQ and the gravitational
constant g are assumed known. The other parameters in the
F and G matrices depend on the aerodynamic and mass
characteristics of the vehicle and are considered unknown.

In this example, it is not necessary to go to the canonical
form because the unknown parameters in Eq. (29) are coeffi-

error techniques. In the absence of noise, the procedure pro-
vides a weighted least squares estimate for the unknown
parameters in a single operation. If there is noise in the
system, this initial estimate will be biased. The bias error
can be removed by applying the procedure iteratively.

A canonical form for multioutput systems is presented
which can be estimated using the combined algorithm.
Modeling the system in its canonical form provides a set of
identifiable parameters.

The combined algorithm has been applied successfully to
the identification of the parameters in the longitudinal equa-
tions of aircraft motion using both simulated and flight data.
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o MEASURED DATA
— COMPUTED DATA

8 10 12 14 16 18

Table 1 Application of combined algorithm to
multioutput data

Fig. 9 Comparison of measured and estimated data.

Appendix: Canonical Transformation
It was stated in the section titled "A Canonical Form for

Multioutput Systems" that any observable system could be
transformed to the canonical form given in Fig. 3 and by Eqs.
(21-23) by means of a nonsingular transformation matrix Tc.
In this Appendix, the appropriate transformation Tc is con-
structed.

Arrange the first n linearly independent rows of the ob-
servability matrix (20) to form a nonsingular matrix P,

P =

where C(t-> is the t'th row of C and where pi is the number of
rows in this linearly independent set involving a multiplica-
tion by the ith row of C. Define qW as the jih column of
P'1 ~ Q- The inverse of the canonical transformation
matrix then can be constructed,

PARAMETER AND INITIAL ESTIMATES
SYMBOL

*u
m

Mu MO Zu

•yy lyymU0

^L.
mu0

Mq + Mq
lyy

*S-

M5 ZQ + M^

lyyfTUlo* lyy

Zd
mu0

"a Z8e , M8e
"yymu0 lyy

3k

NITIAL ESTIMATES

-0.01

0.0

0.0

-3.0

0.0

0.0

-1.0

-1.0

-i.o

COMBINED ESTIMATION ALGORITHM
EQUATION ERROR

-0.017

.002

-.003

-1.373

27.837

-.404

-.83

-1.466

-.007

-0.020

.002

-.003

-1.308

33.144

-.578

-.808

-1.441

.012

OUTPUT ERROR

-0.020

.003

-.004

-1.602

33.887

-.541

-.739

-1.651

.005

-0.020

.003

-.004

-1.58

33.685

-.567

-.736

-1.654

.006

-0.020

.003

-.004

-1.584

33.705

-.564

-.737

-1.656

.005

-0.020

.003

-.004

-1.585

33.720

-.564

-.737

- 1.655

.005

-0.020

.003

-.004

-1.587

33.731

-.563

-.737

-1.657

.005

-0.020

.003

-.004

-1.588

33.736

-.562

-.737

-1.658

.005

where li is defined by
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